Abstract. In this paper, we introduce the angular cutting and the generalized polar symbols of a p-hyponormal operator T in the case where U of the polar decomposition T = U |T | is not unitary and study spectral properties of it.
1. Introduction. As one of generalizations of normal operators, semi-hyponormal operators were introduced. In the study of semi-hyponormal operators, there exist many important techniques concerning polar decompositions T = U |T | with unitary U (for example, symbols, angular cutting and spectral mapping theorems). Many useful results have been obtained under the assumption that U is unitary for the polar decomposition T = U |T |. Using a unitary dilationÛ of U of a semi-hyponormal operator T = U |T |, we study spectral properties of the operator U ϕ(|T |) for a semi-hyponormal operator T = U |T | and a strictly monotone increasing continuous function ϕ(·).
In [8, Chapter 6, Section 3.2] Xia gave spectral mapping theorems of semi-hyponormal operators T = U |T | with unitary U for the following mapping: T → ξ(U )ϕ(|T |). In [7] Itoh extended these results to p-hyponormal operators. It is important for these results that U is unitary. There exist important examples without this form (for example, unilateral weighted shift). In this paper we study spectral mapping theorems for a semi-hyponormal operator T which does not have a polar decomposition T = U |T | with unitary U .
Let T be an operator in a Hilbert space H. T is said to be p-hyponormal if (
, then T is said to be hyponormal and semi-hyponormal, respectively. By Löwner's Theorem, for 0 < p < q ≤ 1, if T is q-hyponormal, then T is p-hyponormal. If T is p-hyponormal, then ker(T ) ⊂ ker(T * ) (see [4] ). Hence we may assume that U is isometry if T = U |T | is p-hyponormal. Let σ(T ), σ p (T ) and σ a (T ) denote the spectrum, the point spectrum and the approximate point spectrum of T , respectively. Put σ r (T ) = σ(T ) \ σ a (T ). It is known from [8, Chapter 1, Section 3.1] that λ ∈ σ r (T ) if and only if there exists a positive number c such that ||(T − λI)x|| ≥ c||x|| (x ∈ H) and (T − λI)(H) = H.
2.
Results. Let T = U |T | be an operator in a Hilbert space H. If U is isometry, let
p-hyponormal, then we assume that U is isometry and hence we can defineÛ andT . 
Proof. The proof of (1) is very similar to that of (3). Hence there is no need to cite [8, Chapter 2, Lemma 3.5]. If (3) holds, then so does (2) . It is sufficient to show that (3)
This is a contradiction. Hence λ ∈ σ r (T ). 
Proof. If 0 ∈ σ(T ), then T = U |T | with unitary U. In this case, the result follows from [8, Chapter 6, Theorem 3.2]. We assume that 0 ∈ σ(T ). Since ϕ is operator monotone andÛ |T |Û
where σ * denotes σ, σ a or σ r . By Proposition 1,
Therefore, we have
Next since U satisfies U |T |x = |T |x for any vector x, we have 0 ∈ σ a (U |T |) if and only if 0 ∈ σ a (U ϕ(|T |)).
Since σ r (T ) = σ(T ) \ σ a (T ), we have 0 ∈ σ r (U |T |) if and only if 0 ∈ σ r (U ϕ(|T |)).
This completes the proof.
By comparison in case of hyponormal operators [2] , the following example implies that in the semi-hyponormal case, spectral mapping theorems are complicated.
Example. Let {e k } ∞ k=1 be the canonical orthnormal basis for the Hilbert space l 2 . Let U be the unilateral shift.
Let T = U. Then T is hyponormal and |T | = I, so that T is semi-hyponormal. Let ϕ be a function on R such that ϕ(x) = x + 1. We remark ϕ(0) = 1. Then U ϕ(I) = 2U, so that U ϕ(I) is semi-hyponormal. Therefore, σ(U ϕ(I)) = {z : |z| ≤ 2} and {e iθ ϕ(r) : r · e iθ ∈ σ(T )} = {z : 1 ≤ |z| ≤ 2}, so that σ(U ϕ(|T |)) = {e iθ ϕ(r) : re iθ ∈ σ(U |T |)}. Definition 1. Let T = U |T | be a semi-hyponormal operator such that U is not unitary. Let T = {z : |z| = 1} be the unit circle. For a unitary operatorÛ on K = H ⊕ H, let U = T λdE(λ) be the spectral decompositionÛ . Let γ be an arc in T and E(γ) = 0. ForT =Û |T |, denote
T γ is called the section ofT cut by the arc γ. We denoteT γ simply by T γ .
Theorem 3. Let T = U |T | be a semi-hyponormal operator such that U is not unitary. Let γ be an arc in the unit circle T with E(γ) = 0. Put D γ = {λ : λ = 0, λ/|λ| ∈ γ}. Then
in addition, x is an eigenvector of T γ corresponding to the eigenvalue λ if and only if x is an eigenvector of T and λ ∈ D γ ,
Proof. By 
The operator T k is called the generalized polar symbol of T with respect to k. In case U is not unitary, letÛ be the unitary dilation of U . For operatorsÛ andT , sinceT =Û |T | is semi-hyponormal with unitaryÛ , there exists S ± U (|T |). For 0 ≤ k ≤ 1, we also definê
Then Xia proved the following. We have the following result.
Theorem 4. Let T = U |T | be semi-hyponormal such that U is not unitary. Then
Proof. SinceT =Û |T | 0 0 0 is semi-hyponormal with unitaryÛ , by Theorem A we
Since U is not unitary, σ(T ) = σ(T ). Hence the proof is complete. Theorem 5. Let T = U |T | be a p-hyponormal operator such that U is not unitary. Let
(|Ŝ|) exist and
where
Proof. SinceŜ =Û |T | σ(S) = {r 2p e iθ : re iθ ∈ σ(T )}, it follows that re iθ ∈ σ(T ) if and only if r 2p e iθ ∈ 0≤k≤1 σ(Ŝ k ). Sincê
is normal, it follows that r 2p e iθ ∈ σ(Ŝ k ) if and only if re iθ ∈ σ(T [k] ). So the proof is complete.
Finally, we introduce Xia spectrum for a p-hyponormal operator T = U |T | such that U is not unitary.
For a pair (A, B) of operators, (z, w) ∈ C 2 belongs to the joint approximate point spectrum σ ja (A, B) if there exists a sequence {x n } of unit vectors such that (A−z)x n → 0 and (B − w)x n → 0 as n → ∞. It is well known that if (A, B) is a commuting pair, then σ ja (A, B) is non-empty (cf. Then re iθ ∈ σ(T ) if and only if (e iθ , r) ∈ σ X (T ).
